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Wavelet-Based Higher Order Correlative Stacking for
Seismic Data Denoising in the Curvelet Domain
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Abstract—To whiten random noise and identify coherent noise
while preserving the features of seismic events, a hybrid denoising
scheme of wavelet-based higher order correlative stacking (HOCS)
in the curvelet domain is proposed. The proposed algorithm uses
HOCS to isolate the coefficients of seismic events in the curvelet
domain. It then removes the noises and recovers signals recorded
in noisy environment, without the need to choose an arbitrary
threshold; the HOCS method selects a threshold automatically in
the curvelet domain. Therefore, with the HOCS, it is possible to
capture the features of useful signals with good correlations at all
scales and all angles, then to remove the features of coherent noise
with disordered correlations. Using interpretive seismic records of
karst cavities and hidden sinkhole detections after artificial back-
fill, we show that the proposed scheme improves noisy seismic data
significantly with respect to both signal-to-noise ratio and fidelity.
To demonstrate the advantages of this hybrid denoising scheme,
a comparison of the performances between different individual
denoising methods is investigated for complex seismic records con-
taminated with different types of noise. Numerical case studies and
three field data examples validate the effectiveness of the hybrid
denoising scheme proposed in this paper.

Index Terms—Filter noise, geophysical signal processing , higher
order statistics, seismic signal processing.

I. INTRODUCTION

D ENOISING is a common aspect of data processing in
fields such as geophysical exploration, biomedical de-

tection, and image denoising [1]–[5]. In seismic exploration,
wave fronts are intermixed with random and coherent noises
(adaptively scaled Gaussian noise) introduced by the acqui-
sition system and other sources of measurement uncertainty.
Thus, seismic denoising aims at recovering damaged segments
of continuous seismic data, although this remains a basic and
challenging aspect of seismic data processing [6]–[11].

Numerous algorithms have been developed to make this
problem more tractable. One class of univariate denoising
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methods has been developed, such as the K-L (Karhunen–
Lòeve) transforms, F-X (frequency-space) deconvolution, and
τ -P (linear Radon transform) transform [1]. Such traditional
denoising methods take advantage of simple orthogonal trans-
forms, but fail to deal with complicated events with curved or
conflicting dips [1], [12]. Wavelet-based algorithms comprise
another class of denoising algorithm that has been used in
a wide range of seismic applications in recent decades [2],
[13]–[16]. However, a one-dimensional (1-D) wavelet is only
well-suited for singularity detection using individual trace pro-
cessing [1], [17]. A two-dimensional (2-D) wavelet transform
can be expressed in terms of a tensor integral of discrete 1-D
wavelets [18], [19]; thus, this kind of 2-D representation cannot
be utilized to reconstruct line-shaped edge features [20], [21].

Investigating seismic records with correlative statistics, based
on the theory of second-order stacking, is another method for
the suppression of incoherent noise [22]. Higher order correl-
ative stacking (HOCS) has been applied to coherent noise in
the wavelet domain to denoise seismic [23], [24] and electro-
magnetic data [25]. However, for damaged or missing seismic
records, it is difficult to estimate the continuous correlation by
using the HOCS method. To the best of our knowledge, such a
denoising scheme, incorporating the HOCS method for the re-
construction of damaged seismic data, has not been previously
reported, and this is one contribution of the present work.

For resolving complicated problems, such as the uncontinu-
ous or damaged events in noisy environments, seismic denoising
involves both the retention of useful information and multiscale
and multidirectional implementation [26]. Thus, the curvelet
transform has been used extensively in seismic data denois-
ing problems in the past decade [27]–[29]. Compared with the
wavelet transform, the curvelet transform not only relates to
position and frequency, but is controlled by the translation an-
gle. With such a unique advantage, curvelets have been used
for ground roll removal [30]–[32], coherent noise removal [33],
[34], and separation of overlapping events [35], [36]. However,
an appropriate choice of a hard threshold is a basic require-
ment, and this presents a challenging task in curvelet denoising.
Curvelets are also not suggested for denoising point-like fea-
tures due to their intrinsic properties [1].

To overcome these shortcomings, many methods have been
proposed for seismic denoising, including multichannel singular
spectrum analysis [37], [38], the modified F-K transform [39],
and other methods [40]–[42]. One such approach is denois-
ing that works in multiple domains based on different fields,
which aims at obtaining better results [43], [44]. Among the
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existing hybrid methods, the combination of wavelet and
curvelet transforms is quite universal, robust, and popular in
denoising algorithms introduced in recent years [1], [45]–[47].
However, the existing combination of wavelet and curvelet de-
composition has improved performance if an optimal threshold
can be obtained.

In this paper, the main contribution is that we propose a new
denoising strategy based on the HOCS method in the wavelet
domain, comprising a 2-D hybrid filter that includes some useful
properties of curvelet transforms. It utilizes an optimal sparse
representation of seismic data with second-order continuously
differentiable singularities in the curvelet domain, and uses the
HOCS method to estimate the threshold for the curvelet co-
efficients. Thus, this hybrid scheme introduces a self-adaptive
thresholding technique suitable for field data processing.

The effectiveness of the proposed hybrid scheme is demon-
strated two-fold. First, we compare different types of denoising
on common-offset seismic profiling contaminated with different
types of noise (i.e., Gaussian random and coherent), then discuss
the performance of existing techniques compared with the hy-
brid scheme. For this purpose, the k-wave toolbox (available at
www.k-wave.org/forum) is used to implement common-offset
seismic profiling in the time domain [48]. Second, all the de-
noising methods are tested on three common-offset seismic pro-
files acquired from karst cavity and hidden sinkhole detection
studies.

II. DENOISING TECHNIQUES APPLIED TO SEISMIC DATA

A. Curvelet Transform

In this paper, we apply the second-generation discrete curvelet
transform [27], [28]. For this purpose, it is necessary to first ap-
ply the 2-D fast Fourier transform [27] to seismic data. Assume
that x is the spatial domain variable, ω is the frequency domain
variable, and the polar coordinates relate to r and θ in the fre-
quency domain. We construct a pair of window functions for
the scale and angle, which are expressed as the radial window
W (r) and angular window V (t), respectively, subject to the
constraints

∞∑

−∞
W 2(2j r) = 1 r ∈ (3/4, 3/2) (1)

∞∑

−∞
V 2(t−m) = 1 t ∈ (−1/2, 1/2) (2)

whereW is defined and supported on {1/2, 2} andV is limited to
{−1, 1} to ensure the smooths are non-negative and real-valued;
here, m is the orientation and j is the scale [27]. The windows
W in the frequency domain and V are partitioned into annuli
|x| ∈ {2j , 2j+1} and polar wedges θj,m = 2πm · 2−[j/2] , re-
spectively. For each j ≥ 0, the frequency domain window is
given by

Uj (r, θ) = 2−3/4W (2−j r)V (2[j/2] · θ/2π) (3)

where {j/2} denotes the integer value. Equation (3) wraps the
aforementioned windows about the origin and is defined only

by the wavelet scale j and angle θ. For the other scales, the
window functions in the frequency domain are denoted ϕj (ω);
ϕj (x) in the spatial domain is obtained by rotation with angle
θj,m , anisotropic dilation, and translation, with k = (k1 , k2).

For scale j, orientation θj,m , and xj,mk = R−1
j,m (k1 · 2−j , k2 ·

2−j/2), the curvelet coefficients can be expressed as

ϕj,m,k (x) = ϕj

[
Rj,m (x− xj,mk )

]
(4)

where the rotation matrix with respect to angle θj,m is given by

Rj,m =

(
cosθ sinθ
−sinθ cosθ

)
. (5)

Finally, for f(x) ∈ L2(R2) the curvelet transform is
given by

C(j,m, k) = 〈f, ϕj,m,k 〉 =
∫

R2
f(x)ϕj,m,k (x)dx. (6)

An inverse Fourier transform on a special sheared grid is used
to transform the frequency-domain data to the spatial domain.
To overcome the poor performance of the conventional FFT on a
nonuniform grid, a uniquely spaced FFT or wrapping technique
[28] is used in the second-generation discrete curvelet transform.

B. Wavelet-Based HOCS Method

Multiresolution wavelet analysis is implemented in the trans-
form domain by mapping a discrete signal onto an approxima-
tion space and a detail space [16], [49]. With the two spaces cov-
ered by discrete-time sub-band decomposition, the input signal
is then filtered into a lowpass (approximation) and highpass (de-
tail) window, which are also called the scaling and wavelet func-
tions, respectively. For piecewise smooth 1-D wavelets, when
isolating discontinuities with point-like characteristics in two
dimensions, thresholding the curvelet coefficients has been pro-
posed for seismic data denoising. HOCS in the wavelet domain
is one such thresholding scheme, in which the threshold value
is obtained using higher order statistics.

In this paper, we apply the HOCS using 1-D and 2-D wavelets.
This algorithm is implemented in four steps:

1) applying a 1-D or 2-D discrete wavelet transform to the
data;

2) obtaining the correlation coefficients of the data set from
higher order statistics;

3) stacking the aforementioned data after incorporating the
correlative coefficients; and

4) applying a 1-D or 2-D inverse wavelet transform.
For scale and translation indices j and k, a time series f(t)

can be written in terms of its wavelet coefficients as

f(t) =
+∞∑

j=−∞

+∞∑

k=−∞
dj,k ψ̃j,k (t) (7)

where the relevant decomposition coefficients are

dj,k =
〈
f(t), ψ̃j,k (t)

〉
(8)
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and ψ̃j,k (t) is the wavelet basis. In this work, we use a length 16
symmlet (i.e., least asymmetric wavelet) that has eight vanishing
moments.

The key idea of using correlation coefficients obtained from
higher order statistics for seismic denoising is that the higher
order statistical spectrum of a Gaussian signal is zero. Sup-
pose that a pair of time series fi(t) and fi+1(t) represent seis-
mic records gathered simultaneously by adjacent sensors. Let
i = 1, 2, ...,M denote the sensor number and t = 1, 2, ..., N
the times of discrete samples. Let Fk

i (m) denote the 1-D or 2-D
wavelet transform of fi(t) at scale k and translation window
length 2P + 1; P= 1 if three adjacent data sets are used for cor-
relation. The third-order correlation function without migration
[16], [49] is defined by

rki,i+1,i(t) =
t+p∑

m=t−p
F k
i (m)Fk

i+1(m)Fk
i (m) (9)

and the corresponding normalization is

rki,i+1,i(t) =
rki,i+1,i(t)√

rki,i(t)r
k
i+1,i+1(t)r

k
i,i(t)

(10)

where rki,i(t) and rki+1,i+1(t) are the second-order autocorrela-
tions of fi(t) and fi+1(t) in the wavelet domain, respectively.
Then, the weighted seismic record is reconstructed from

F
k
i (t) = rki,i+1,i(t)F

k
i (t). (11)

Since wavelet analysis is roughly equivalent to bandpass fil-
tering, it is possible to reconstruct the original data using the
1-D or 2-D inverse wavelet transform of (11).

C. Hybrid Denoising Scheme in Multiple Domains

Combined wavelet and curvelet schemes have been applied
to denoise images by many authors (e.g., [45], [46]). They have
also been used for image approximation [47] and are now used
extensively in seismic data processing [1], [2]. As demonstrated
in a previous work [1], the hybrid denoising scheme overcomes
the shortcomings of either single-system (wavelet or curvelet
domain) algorithm and circumvents many of the difficulties of
seismic processing. In this work, we introduce a hybrid recon-
struction algorithm for seismic denoising that improves the final
result. The key idea of the hybrid approach is to incorporate the
HOCS method into the curvelet transform decomposition, which
we will show leads to significant improvement over using either
algorithm individually.

The alternation of wavelet and curvelet basis functions is
designed at the finest scale for curvelet transforms, in which the
two basis functions are applied mainly to remove energy from
unwanted angles caused by unfit wedge-shaped support in the
frequency domain. For assigning wavelets to the finest levels in
a curvelet transform, a so-called “partition of unity” is obtained
[27], [28]. At scale j, the unique sample window that isolates
the orientation is constructed to obey (3), using the relationship

Uj (k1 , k2) = Wj (k1 , k2)Vj (k1 , k2) (12)

where the radial window Wj (k1 , k2) and angular window
Vj (k1 , k2) isolate angle θj,m .

The next basis function at the finest scale is the curvelet, which
obeys (3) and is described in Section II-A. These finest scale
curvelets can also be considered sampled standard windows
with periodization in the frequency domain, the latter of which
is introduced to prevent the confusion that occurs when taking
an approximate modulus. The finest scale curvelet still obeys
the relationship [27]

∑

j

∑

θ

|Uj (r, θ)|2 = 1. (13)

However, because the finest scale wavelet is restricted to the
concept of directional basis cells, a natural choice is the im-
plementation of the finest scale curvelet basis function in the
curvelet transform for the ultimate results in aliased basis func-
tions by overlapping data periodicity in basis elements. The
main challenge of the combined algorithm is that point-like and
line-shaped edge features must be preserved for useful seismic
events after the curvelet transform, while the above features
are retained but disordered for coherent noise. It is possible,
therefore, to capture the features of useful signals with good
correlations at all scales and all angles, then to remove the fea-
tures of coherent noise with disordered correlations. The HOCS
in the wavelet domain has this property [23], [25].

Given the above, the hybrid denoising scheme proposed in this
work is implemented by first applying a curvelet transform, then
using the HOCS method to identify the curvelet coefficients of
seismic events in the wavelet domain. Thus, the architecture of
the hybrid denoising scheme in multiple domains is as follows:

Step 1: Take the curvelet transform of the original signals
fi(t) to the finest scale to obtain curvelet coefficients Cj,θ

for all possible scales and angles.
Step 2: For j = 1, 2, . . . , J do

For θ = 1, 2, . . . , ϑ do
For all sensors
For i = 1, 2, . . . ,M − 1 do

Take the wavelet transform of Cj,θ (i), Cj,θ (i+ 1) to
obtain Wti , Wti+1 .

Retain the approximation coefficient Waf and detail co-
efficient Wdf for all scales in the wavelet domain.

For jc = 1, 2, · · · , JC do
Calculate the correlation coefficient rc of Waf (i, jc) and

Waf (i+ 1, jc) using higher order statistics.
Let Wdf = 0.
Compute the weighted data stack, W̃ ti =

Wti(Waf ,Wdf ) · rc
Take the inverse wavelet transform of W̃ ti to obtain the

denoised curvelet coefficients fwt(i).
Step 3: Take the inverse curvelet transform of each fwt to
yield the denoised data, fcwt .
In the architecture of the hybrid denoising scheme, the num-
ber of scales is J = 3 and the number of angles at the second
coarsest level is ϑ = 16 as default set in curvelet code [27],
[28]. For HOCS in wavelet code, the number of scales is
JC = 3 and the wavelet basis is “sym8,” which is the same
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Fig. 1. Flow chart of the hybrid denoising scheme.

as chosen in previous seismic or electromagnetic studies
[23], [25].

For the above-mentioned denoising steps, there is no need to
use an ad hoc rule to determine a hard threshold for synthetic
or measured data sets; indeed, such thresholding values are
provided by the HOCS method, as shown in Fig. 1.

III. NUMERICAL VALIDATION

The accuracy and efficiency of the proposed hybrid multido-
main denoising scheme for seismic data interpretation are now
demonstrated by extracting useful signals from contaminated
data and comparing the proposed scheme with other denoising
methods. Raw seismic data are usually contaminated by noise
in practical applications, such as the noise caused by the pres-
ence of near-surface inhomogeneities, inconsistent sensors, and
intrinsic noise in equipment. Here, we design synthetic seismic
data contaminated with zero-mean Gaussian noise and coherent
noise. To evaluate the performance of the method introduced in
this paper, we use the peak signal-to-noise ratio (PSNR)

PSNR = 20 log10

⎛

⎜⎜⎝
max{S}√

1
NM

∑N
n=1

∑M
m=1

∣∣∣Sn,m − S̃n,m

∣∣∣
2

⎞

⎟⎟⎠

(14)
where S and S̃ are the original and denoised seismic data,
respectively. The PSNR is calculated using a peak value ofS and
a mean squared error between S and S̃. Thus, a higher PSNR
indicates that more energy is recovered from the contaminated
data. If the residual noise remains dominant, then the refocused
energy will be worse, and will cause a significantly lower PSNR.
In the following case studies, the decibel (dB), the standard unit
for PSNR, is used. The color scales of all corresponding 2-D
figures denote the amplitudes of seismic data.

A. Comparisons of Curvelet Transforms

To obtain synthetic seismic data, a 2-D cavity object embed-
ded in a multilayered background medium with layer interfaces
parallel to the x axis is shown in Fig. 2. Each layer is charac-
terized by a unique velocity and density. The seismic profiling
is obtained with one monopole source (Tx) and one sensor
(Rx) rolling movement with a common offset. In this work,
the synthetic data are simulated by the k-wave tool, in which
full wave simulations in the forward solution are obtained by the

Fig. 2. Geometry of a 2-D cavity object embedded in a multilayered medium
for a common-offset seismic profile.

Fig. 3. Denoising results using curvelets with a correct hard thresholding
value. (a) Original data. (b) Data contaminated by Gaussian white noise. (c)
Denoising by curvelet basis. (d) Denoising by wavelet basis.

pseudospectral time-domain method [50]. For details, the reader
can refer to [48]. For time-domain modeling, the time function
of the monopole source is chosen to be the first derivative of a
Blackman–Harris window function.

The test case is designed to validate the reconstruction for
continuous and multiple curve-like seismic events caused by the
interface of layered media and a rectangular cavity, as shown
in Fig. 3(a). The fast discrete curvelet transform used here was
introduced in [28] and is available at www.curvelet.org.

Denoising results for the curvelet transform with a curvelet
(20.51 dB) and wavelet basis (19.97 dB) representation of seis-
mic data (8.5 dB) contaminated by Gaussian noise are presented
in Fig. 3(b)–(d). It is clear that the reconstructed results are re-
focused back to original energy with a higher PSNR than the
noisy data with an appropriate hard thresholding value δ. Such
a correct thresholding value is chosen as the percentage of noisy
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Fig. 4. Denoising results using curvelets with a correct hard thresholding
value. (a) Original data. (b) Data plus coherent Gaussian noise. (c) Denoising
by curvelet basis. (d) Denoising by wavelet basis.

TABLE I
PSNRS OF DENOISING RESULTS BY CURVELETS WITH A CURVELET AND

WAVELET BASIS FOR DIFFERENT HARD THRESHOLDING VALUES (δ, WHICH IS

THE PERCENTAGE OF NOISY AND ORIGINAL DATA)

δ (%) Curvelet
basis (dB)

Wavelet
basis(dB)

Curvelet
basis(dB)

Wavelet
basis(dB)

15 White 17.44 15.87 Coherent 11.52 11.54
20 Gaussian noise 20.38 18.88 Gaussian noise 11.47 11.46
25 (PSNR = 11.36) 22.41 21.84 (PSNR = 11.38) 11.54 11.52
35 22.11 22.15 11.39 11.43
60 19.12 19.32 12.49 13.85
100 15.42 15.24 18.36 18.38
130 13.75 13.56 16.45 16.55
180 12.52 11.38 13.50 13.45

and original data. Now, let us turn to more realistic applications
of denoising. To do this, synthetic data are contaminated with
coherent Gaussian noise, in which the amplitude of the noise
is proportional to the amplitude of the original data. In the first
case, the Gaussian noise floor does not change with that of the
signal; i.e., whether a signal exists or not, the noise will al-
ways be there. For coherent Gaussian noise, the sensor in the
array that has the strongest signal has the desired SNR, but all
other sensors should have poorer SNR values. The signals are
also contaminated with random noise (11.38 dB), as shown in
Fig. 4(b). Denoising results obtained using a curvelet transform
with a curvelet (18.37 dB) and wavelet basis (18.46 dB) are
presented in Fig. 4(c) and (d). Again, the reconstructed results
are denoised well, with a correct hard thresholding value.

Table I lists the PSNR values obtained by denoising with
curvelets with a curvelet and wavelet basis at different hard
thresholding values. From the presented numerical denoising
results, it is necessary for the analyst to supply a reasonable
hard thresholding value to yield a well-reconstructed result
when implementing the available curvelets algorithm (at
www.curvelet.org). The difference in PSNR is about 7 dB

Fig. 5. Denoising results using curvelets with an approximate hard threshold-
ing value for increasingly noisy data (as compared with those in Figs. 3 and 4).
(a) Data contaminated by additive Gaussian noise. (b) Denoised data from (a).
(c) Data contaminated by coherent additive Gaussian noise. (d) Denoised data
from (c).

between the highest and lowest values, regardless of whether
or not the noise is coherent. Thus, the choice of an appropriate
threshold is fundamental to curvelet denoising. Although
abundant methods from different fields have been proposed for
choosing optimal threshold values (e.g., [1], [51]), a thorough
review of the topic lies beyond the scope of this paper. PSNRs
for denoising with a curvelet basis are generally higher than
those obtained using a wavelet basis alone; we, therefore, use
a curvelet basis for the curvelet transform in the following case
studies.

As shown in Fig. 5(a) and (c), curvelet denoising alone, in
which approximate hard thresholding is used, is increasingly
ill-suited to noisy data as the noise levels increase (as compared
with those in Figs. 3 and 4). There are many ways to compute
the approximate hard thresholding, e.g., by computing the norm
of each individual curvelet. The residual noisy segments after
curvelet denoising has been applied are disorderly and unsys-
tematic when the noise level increases, whereas the features of
seismic events are preserved with a high degree of consistency
[see Fig. 5(b), 6.86 dB]. The coherent parts of the noisy data are
presented as continuous events, as the useful signals from the
seismic target in Fig. 5(d) with the PSNR of 8.73 dB. Without
an appropriate hard threshold, in field data interpretation, such
false features always cause a waste of money for exploration
validation, due to inaccurate drilling locations.

B. Comparisons of HOCS in the Wavelet Domain

We now compare HOCS with the individual denoising
method (curvelet basis) at the same noise levels (see Fig. 5)
using the method of PSNR measurements of contaminated ran-
dom and coherent noise. This HOCS algorithm is implemented
in the wavelet domain. In this work, 1-D and 2-D wavelet trans-
forms are chosen for all of the above-mentioned cases.
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Fig. 6. Denoising results using the HOCS method. (a) and (b) The results of
denoising the data in Fig. 5(a) using 1-D and 2-D wavelets, respectively; and
(c) and (d) the corresponding results for the data in Fig. 5(c).

As discussed above, the correlative statistics is worked in a
single direction; i.e., in the time domain. Therefore, any denois-
ing improvement is restricted to the correlative direction when
the original data are transformed with a 1-D wavelet. This phe-
nomenon is shown in Fig. 6(a) and (c) for increasingly noisy
data. Fig. 6(a) shows the reconstructed result for Gaussian white
noise (3.5 dB), where the shape, location, and signal amplitude
of the original data are basically recovered for the continuous
and multiple curve-like events. The reconstructed result for a
signal with coherent additive noise (2.79 dB) is presented in
Fig. 6(c), in which most of the coherent noise events are iden-
tified and removed with a PSNR of 11.33 dB. From the above-
mentioned results, it is obvious that the reconstructive abilities
of the 1-D HOCS are quite different to the results shown in
Fig. 5. In particular, for data with additive white noise, it is
difficult to obtain a clear result with 1-D HOCS, but the PSNR
of 1-D HOCS is higher than for curvelets. Thus, it is possible to
combine the HOCS and curvelets to improve the reconstructed
results.

We now demonstrate the use of a 2-D HOCS to improve the
above-mentioned denoising results. The key difference between
this and the 1-D algorithm is that the wavelet transform is 2D,
whereas the correlative statistic only works in the time domain.
With such a denoising scheme, the 2-D HOCS is expected to
provide clear images for the random and coherent noisy data in
the horizontal, vertical, and diagonal directions, as presented in
Fig. 6(b) and (d) with the PSNRs of 5.57 and 5.8 dB. The re-
constructed results are “smoothed” similar to the original data,
especially for the continuous seismic events; the shape, loca-
tion, and signal amplitude of the original data are reconstructed
well. However, the curve-like seismic events are discontinuous
with a “step-like” visual appearance, which may be caused by
computing the correlative statistic in only 1D. In the following
case studies, we choose the 1-D HOCS method for comparisons
of seismic data denoising.

Fig. 7. Denoising results with a hybrid denoising scheme. (a) Denoising re-
sults for the data in Fig. 5(a), a signal with additive Gaussian white noise. (b)
Denoising results for the data in Fig. 5(c), a signal with coherent Gaussian noise.

C. Comparison of the Hybrid Denoising Scheme

In this section, we test the effectiveness of the hybrid de-
noising scheme in reconstructing the original data with fixed
noise levels, as shown in Fig. 5(a) for Gaussian white noise and
Fig. 5(c) for coherent Gaussian noise. All parameters used in
the individual curvelets in Section III-A, including those used
in 1-D HOCS in Section III-B, are adopted and kept unchanged
in this hybrid denoising scheme.

As the curvelet transform first works with the curvelet basis
function at the finest scale in our hybrid denoising scheme, it
is expected to transform the useful seismic events and noise
to different scales and different angles in the curvelet domain.
The correlative statistic is designed to detect and increase the
coefficients of useful seismic events in the reconstructed trans-
form, because the correlation between residual point-like and
line-edge-like noises is weaker than in dominating events. The
main advantage of this hybrid denoising scheme is that hard
thresholding values are not required for the curvelet transform.

Comparing the reconstructed results of Figs. 7 with 3(a),
it is clear that the shapes, locations, and signal amplitudes of
continuous and curve-like seismic events are well recovered
compared with the original data. One can see the significance of
using the hybrid denoising scheme in seismic textures clearly
in PSNR numbers via comparison with those provided in the
above-mentioned denoising algorithms (see Figs. 5 and 6). Nu-
merical values of the PSNR presented in Table II show that
this hybrid algorithm outperforms the alternative algorithms de-
scribed above; a maximum value of 10 dB is achieved with
Gaussian white noise and 11.72 dB with coherent Gaussian
noise, compared with the results shown in Figs. 5 and 6. The
PSNR of the hybrid denoising scheme is about 1–4 dB higher
than that of curvelets or HOCS alone. This is because the ad-
vantages of the individual systems are combined in this hybrid
scheme.

Fig. 8 shows the comparative amplitude-preserving proper-
ties of individual denoising algorithms and the hybrid method
for data with additive Gaussian white noise, using a sample
recorded at sensor location 18 [see Fig. 7(a)]. As the Gaus-
sian white noise increases, the original data become completely
masked by noise, and it is difficult to manually identify useful
seismic events, as shown in Fig. 8. Reconstructed signals using
individual denoising systems and the hybrid denoising scheme
are exhibited and compared with the original data (black line).
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TABLE II
PSNRS OF DENOISING RESULTS BY DIFFERENT DENOISING SCHEMES

Denoising scheme Correct δ
(%)

White Gaussian
noise

(PSNR = 8.5 dB)

Coherent Gaussian
noise

(PSNR = 11.38 dB)

Approximate
δ (%)

White Gaussian
noise

(PSNR = 1.47 dB)

Coherent
Gaussian noise
(PSNR = 2.79

dB)

Curvelet Curvelet basis 25 % for
white
noise,

20.51 18.34 46 % for
both noises

6.86 8.73

Wavelet basis 100% for
coherent

noise

19.97 18.46 – –

HOCS 1D 3.5 11.33
2D – – – – 5.57 5.8

Hybrid scheme 10 12.72

Fig. 8. Denoising results using the individual and hybrid denoising schemes
at the 18th sensor location of Fig. 7(a).

All of the methods preserve the basic amplitude values of the
dominant seismic events, but the hybrid method shows great im-
provement over the other methods in terms of amplitude values
and the smoothness of the denoising data.

Fig. 9 illustrates the relative amplitude-preserving abilities of
the individual denoising algorithms and the hybrid method with

Fig. 9. Denoising results by the individual and the hybrid denoising scheme
at the 18th sensor location for Fig. 7(b).

data contaminated by coherent Gaussian noise from Fig. 7(b),
taken at sensor location 18. The noisy data are not visibly
improved using curvelets with a curvelet basis at the finest
scale. The reconstructed results from the 1-D and 2-D HOCS
method are better than the former results with coherent additive
Gaussian noise because the denoising process takes advantage
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Fig. 10. Denoising results compared with resistivity imaging. (a) Original
field data. (b) Data denoised by a curvelet transform. (c) Data denoised by 1-D
HOCS. (d) Data denoised by the hybrid scheme.

of the correlative statistic. The hybrid denoising scheme thus
provides a higher quality result than all other results, by pre-
serving both continuous and curve-shaped features of seismic
waveforms.

IV. FIELD DATA ANALYSIS

We now test the effectiveness of the hybrid denoising scheme
on three common-offset seismic profiles acquired from karst
cavity and hidden sinkhole detection studies after artificial back-
fill. In seismic surveys conducted for these purposes, seis-
mic records are generally contaminated with three kinds of
noise:

1) random noise caused by measurement systems or inherent
uncertainties;

2) diffracted waves that arise from the boundaries of the
hidden cavity or sinkhole; and

3) “jumping” seismic events formed by shallow hetero-
geneities in local structure.

Fig. 11. Denoising results compared with resistivity imaging. (a) Original
field data. (b) Data denoised using curvelets. (c) Data denoised using the hybrid
scheme of this study.

The random noise does not change with the target signal;
whether a useful signal exists or not, the noise is always present.
Diffracted waves are incorporated into seismic events as discon-
tinuous or curve-like features. Local heterogeneities introduced
during or after artificial backfill lead to damaged or missing
seismic data. The challenge of such a seismic survey, then, is
clearly monitoring karst cavities and hidden sinkholes with high
resolution and fidelity.

A. Single Cavity Detection

The first seismic survey is designed and presented in
Fig. 10(a), in which the seismic records are contaminated with
the three types of noise described above. In this case, the task
of denoising is recovering the continuity of the jumping seismic
events. Fig. 10(b)–(d) shows the results of denoising by indi-
vidual systems and the hybrid scheme proposed in this paper. In
Fig. 10(b), the result is denoised using curvelets with an approx-
imate hard threshold determined from the L2 norm of field data.
Most of the dominant seismic events are barely retained, and
the random noise is mostly removed. However, the damaged
and discontinuous features presented in Fig. 10(b) are aggra-
vated by using curvelets with approximate hard thresholding. It
is also obvious that the continuity of the jumping seismic events
cannot be reconstructed with curvelets alone.

The denoising results in Fig. 10(c) use a 1-D HOCS method,
and are close to the original seismic data in Fig. 10(a). As the



3818 IEEE JOURNAL OF SELECTED TOPICS IN APPLIED EARTH OBSERVATIONS AND REMOTE SENSING, VOL. 10, NO. 8, AUGUST 2017

Fig. 12. Denoising results compared with resistivity imaging. (a) Original
field data. (b) Data denoised using curvelets. (c) Data denoised using the hybrid
scheme of this work.

1-D wavelet transform is applied to adjacent sensors in the
HOCS method, the coefficients in the transform domain are
enlarged for continuous seismic events. However, the damaged
and jumping seismic events are aggravated by the 1-D HOCS
method. Slight changes in the removal of random noise are
also present. Thus, jumping seismic events are isolated in
the denoising results by the 1-D HOCS method, which is not
considered in the subsequent field data analysis.

Denoising with a hybrid scheme is exhibited in Fig. 10(d). In
the hybrid process, the field data are transformed by curvelets
using multiple scales and multiple angles, in which the useful
seismic and noisy components are separated into different an-
gles. The 1-D HOCS method is then applied to identify and pre-
serve the damaged seismic information in the curvelet domain.
It is also clear from the denoising result that the random noise
is well whitened, while the jumping coherent noise is recovered
and the damaged seismic events are well preserved with good
correlations. Thus, the hybrid scheme shows great improve-
ments over other methods, not only with respect to denoising,
but with respect to preserving useful seismic information.

To evaluate the performance of the hybrid scheme in field
data analysis, denoising results using individual systems and the
hybrid scheme are compared with resistivity imaging in Fig. 10.
From the results obtained by individual systems (curvelets and
1-D HOCS), one can identify three regions (50–100, 150–200,

and 250–300 m) caused by hidden cavity-like seismic features.
As shown by the hybrid denoising result and resistivity imaging,
the location of the hidden cavity is most likely in the range
50–100 m.

B. Double Cavity Detection

A second seismic survey, conducted to detect multiple cavities
embedded in artificial backfill, is presented in Fig. 11(a). We
observe two cavity-like seismic events found at 50–200 m, and a
wide range of damaged and absent seismic events at 200–300 m.
The problems in this survey are that the curve-like seismic events
that arise from the double cavities are complicated and distorted
by random noise, and damaged seismic events compound the
difficulty of accurate interpretation. In Fig. 11(b), denoising
with curvelets mainly preserves the curve-like features of useful
seismic events while removing much of the noise, but the seismic
events are discontinuous and the damaged region (200–300 m)
cannot be recovered. Fig. 11(c) shows denoising result with a
hybrid scheme, which provides clear, continuous seismic events
for the double cavities. Most importantly, the damaged seismic
events are well-resolved in the 200–300 m region, in which
convex seismic events appear at early propagation times and
vanish at later times. It is possible that the moister backfill is
located at shallow depths and leads to greater attenuation of
seismic power. The above-mentioned phenomena suggested by
hybrid denoising are corroborated by the resistivity imaging in
Fig. 11, notably in the locations of the double cavities (50–
200 m) and low resistivity values consistent with moist backfill
(200–300 m).

C. Hidden Sinkhole Detection

In this section, denoising is applied to a case study consisting
of a seismic survey for hidden sinkhole detection. As shown in
Fig. 12(a), the seismic records are contaminated by so-called
“salt and pepper noise” and isolated jumping seismic waves can
be seen. It is difficult to determine the most plausible location
of the hidden sinkhole. Fig. 12(b) and (c) presents denoising
results using curvelets and the hybrid scheme, respectively. In
Fig. 12(b), the curvelets whiten the salt and pepper noise but
degrade the seismic information at later propagation times. The
hybrid scheme used in Fig. 11(c) outperforms curvelets alone
by removing the noise and better clarifying the location of the
hidden sinkhole (50–150 m), as corroborated by the resistivity
imaging.

V. CONCLUSION

To whiten random noise and identify coherent noise for pre-
serving prominent seismic features, a hybrid denoising scheme
is proposed. The main idea of the method is to use wavelet-
based HOCS in an algorithm to reconstruct seismic events in the
curvelet domain. This method fully utilizes the optimal sparse
representation of objects in curvelets and incorporates the HOCS
method concept into the denoising procedure. The feasibility
and effectiveness of the method are demonstrated through nu-
merical simulations and detections using real seismic records.
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Comparisons with denoising algorithms that use only one of
curvelets or HOCS show that the hybrid scheme outperforms
both. Numerical simulations show that the hybrid scheme sig-
nificantly improves the ability to remove noise and to recover the
continuity of damaged seismic events without the necessity to
approximate a threshold. The robustness of the hybrid denoising
scheme at different PSNRs has also been investigated. Compar-
ative testing of our technique and single-transform denoising
methods on field seismic data shows that our hybrid scheme has
the advantage of reconstructing useful seismic events without
sacrificing fidelity.
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